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Abstract 

We study the Kertesz line of the q-state Potts model at (inverse) 
temperature {3, in presence of an external magnetic field h. This line 
separates two regions of the phase diagram according to the existence or 
not of an infinite cluster in the Fortuin-Kasteleyn representation of the 
model. It is known that the Kertesz line Hk (/3) coincides with the line of 
first order phase transition for small fields when q is large enough. Here we 
prove that the first order phase transition implies a jump in the density 
of the infinite cluster, hence the Kertesz line remains below the line of 
first order phase transition. We also analyze the region of large fields 
and prove, using techniques of stochastic comparisons, that ha (/3) equals 
\og(q— 1) — log(/3— (3p) to the leading order, as (5 goes to (3 P = — log(l — p c ) 
where p c is the threshold for bond percolation. 

One important feature of the Fortuin-Kasteleyn representation of Ising and 
Potts models pQ (the random cluster model), is that the geometrical transition, 
i.e. the apparition of an infinite cluster, corresponds precisely to the phase 
transition leading to a spontaneous magnetization in the absence of an external 
field [2] ■ In [3] , Kertesz pointed out that this property is lost in the Ising model 
when an external field h is introduced: while thermodynamic quantities are 
analytic for any h > 0, a geometric transition appears in the corresponding 
random cluster model and there is a whole percolation transition line extending 
from the Curie point (h = 0) to infinite fields. As Kertesz explained, the 
analyticity of thermodynamic quantities and the existence of the percolation 
transition are not contradictory because the free energy remains analytic. 
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The Kertesz line can be considered as well in the Potts model. There, for 
large q, the first order transition extends to small, positive fields h and it is an 
important issue to understand whether or not the Kertesz line coincides with 
the line of phase transition. Such a property was established in [3] for small h 
(and q large enough) and hence extends the relevance of the random cluster rep- 
resentation for the analysis of the phase transition in the corresponding region. 
Here we address some of the remaining issues: we prove the existence of the 
line, show that the first order phase transition results in a discontinuity of the 
percolation density, and provide bounds on the Kertesz line that are particularly 
precise in the region of large fields. 

In the Potts model, the spin variables Oi associated with lattice sites take 
values in the discrete set {1, . . . ., q}. Considering a spin configuration in a finite 
box A C TL d (d ^ 2), the Potts model at inverse temperature /3, subject to an 
external ordering field h, is defined by the Gibbs measure 

A1 r s H=^n^-" i) n^' 1 (d 

A i 

Here the first product is over nearest neighbor pairs of A, the second runs over 
sites of A, Z\° tts denotes the partition function (normalizing factor) and 8 is 
the Kronecker symbol. 

To study the behavior of clusters, in the sense of FK clusters, we turn to the 
corresponding Edwards-Sokal formulation [5], given by the joint measure 

M f (*, V ) = -L J] (e-^,0 + (1 - e-P^x&w) \[e h5 ^. (2) 
A {id) 

This model can be thought as follows. Given a spin configuration, between 
two neighboring sites with <Zj — <jj, one put an edge (77^ = 1) with probability 
1 — e~@ and no edge w.p. e"* 3 ; for Cj ^ <jj, no edge (or bond) is present. When 
the field is infinite all spins take the value one and we are left with the classical 
bond percolation problem. At finite fields, the spins are not uniformly equal to 
one yet we will see that percolation in the edge variable r) still occurs at some 
finite temperature. 

We call Ma 1 / ^ ne marginal law of r\ under /xf . This measure can be con- 
sidered as well for non- integer q ^ 1 (see HH)). Our first result concerns the 
existence of the Kertesz line. 

Theorem 1 Let /3,h and q 1. 
i. The infinite volume limit 

M f = Mm M «c (3) 

exists. 
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%%. The probability 



9 = [if (the origin belongs to an infinite cluster of rf) (4) 
increases with (3 and h, and decreases with q. 
Hi. Hence the Kertesz line 

h K (/3) = mi{h ^ : 9 > 0} (5) 

exists, and hx(P) decreases with [3. 

Note that Uk{0) = if f3 ^ j3 c , where j3 c is the critical inverse temperature 
for the phase transition with no held, while hx(P) — +oo if P ^ f3 p , where 

& = -log(l-p c ) (6) 

is the critical inverse temperature for percolation at infinite fields and p c the 
threshold for bond percolation on 7L d . 

Then we examine the consequences of the first order transition on the density 
9 of the infinite cluster: 

Theorem 2 A discontinuity in the parameter f3 in the mean energy 

where i,j are neighboring sites, or in the magnetization, implies a discontinuity 
in the density 9 of percolation. 

This means that 9 has a jump on the line of first order phase transition. 
Consequently, the Kertesz line cannot be found above the line of first order 
phase transition. It is known [1] that both lines coincide at small fields when 
q is large, hence the question remains whether they coincide up to the other 
extremity of the line of first order phase transition. In the corresponding mean 
field analysis [5] we proved the existence of a cusp as soon as q > 2, that is, 
whenever appears a line of first order phase transition. However, in the two 
dimensional Potts model no bifurcation was noted numerically [J. 

We conclude our exposition of the results with upper and lower bounds on 
the Kertesz line, which are particularly efficient when (3 is taken slightly above 
P = — log(l — p c ), corresponding to the regime of large fields. The idea that 
led to the next theorem is that the model can be understood as independent 
bond percolation over a random media : the spins not equal to 1 are considered 
as defects, which become rare when h — » +oo. Our proofs are reminiscent of 
[7 in which similar methods were employed to provide necessary and sufficient 
conditions for the phase transition in the dilute Ising model, see also [5] for 
beautiful results on mixed percolation. 
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Theorem 3 For any d ^ 2, q > 1 and j3 > f3 p) one has 



h K {P) 




(8) 



log (/? - (3 P ) + log (2p c (g - 1)) + O ^+ (f3 



(9) 



while 




(10) 



log 09 - /3 P ) + log ( Pc (q - 1)) - (2d - 1)A 



+ 



Thus, to the leading order, 7ik-(/3) ~ — log(/3 — /3 p )+log(q — 1) when j3 — > 
The upper and lower asymptotes differ from the constant log(2) — (2d— 1) log(l — 
p c ) that does not depend on q. 

These upper and lower bounds are presented in Fig. 1 together with the 
numerical results of [I]. 



Figure 1: A comparison between upper and lower bounds with the numerical 
results of [4] for d = 2 and q = 10. 

To summarize, we have shown that for the lattice Potts model subject to 
an external field, the Kertesz line is well defined. We have presented upper 
and lower bounds on this line. These bounds are very precise at high fields 
and complement the previous study [4] in which a precise approximation at low 
field was given. In addition, we have shown that a jump of the mean energy or 
of the magnetization implies a jump in the percolation density of the clusters 
associated to the corresponding FK representation of the model. This last result 
does not exclude the presence of an intermediate regime of the field where when 
decreasing the temperature, one first encounters the percolation transition and 
then for a lower temperature the percolation density would exhibits a jump. 

Acknowledgments. It is a pleasure to thank Daniel Gandolfo for valuable 
discussions. One of us (M. W.) is grateful to CPT and LATP for their kind 
hospitality. 
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A Appendix 



A.l A random cluster representation 

For any 0, h ^ and q 1 we define a random cluster model that takes 
into account the external field. Edge configurations tj have rjij € {0, 1} for all 
< i,j > nearest neighbor pairs in the domain. For A a finite subset of 7L d and 7r 
a boundary condition on A, that is an edge configuration on 7L d which restriction 
to A has no open edge, we consider 

f^A%(v) = ^cU( e ~ 06 ^fi + (l-e-^6 mj>1 ) J] w(S(C)) (12) 
A ^ (id) cecx(v) 

where 

w(S) = 1 + (q - l)e~ hS . 

The first product runs over nearest neighbor pairs in A. The second one 
is over all connected components (clusters) C <E C™(r]), where C*(r)) is the set 
of clusters of 7L d under the wiring 7r V rj (the edge configuration defined by 
(tt V r})ij — max(7Tij, r]ij)), that own some site of A. For any such cluster, S(C) 
stands for its number of sites. 

The variable r\ under the joint measure /i^ s defined at ([2]) follows the law 
A*A /> where / stands for the free boundary condition, that is the edge config- 
uration with no edge open. Conditionally on rj, for integer q 6 {2,3,.. .} the 
distribution of er under the joint measure fi^ s is as follows: the spin is con- 
stant on each cluster of rj, and a cluster with S sites obtains the color 1 with 
probability e hs /{e hs + q — 1), any other of the q — 1 colors with probability 
l/(e + q — 1), independently of other clusters. This conditional distribution 
accounts for the definition (|18|) of the magnetization. 

Let us now compare our representation with that of [4]. There, as an al- 
ternative to the ghost spin scheme, a colored version of the Edwards-Sokal 
representation was introduced. This representation was defined by 

Ma E V,™) = tfces I[{e~' 3 tin ij< o + (l-e- l3 )5 nijtl x(o-i= o-j^l) 

+(i - e-e^Mn = "i * ^U^- 1 ( 13 ) 

i 

with the edges variables n,j taking values in the set {0, 1,2}. Let us consider, 
for a while, thermodynamics limits (the existence of thermodynamics limits will 
be proven at the next section). We want to emphasize that the question of 
percolation for rj under /i^ c and for the color 1 in n under /Lt CES are equivalent. 
Indeed, any infinite cluster for rf under // will be given the color a = 1 with 
probability one as soon as h > (resp. w. p. 1/q if h = 0). Hence, relabelling 
T] into n according to the spin of clusters we obtain in fact an infinite cluster 
for the color 1 in n, w. p. 1 (w. p. 1/q if h = 0) and this shows that the 
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probability of percolation from the origin 9 under /i^ c and 9\ for the color 1 in 
n under ix CES satisfy 

6/q if/i = 
9 if h > 0. 

A. 2 Conditional probabilities and infinite volume limit 

Here we give the proof of Theorem [T] Like the usual random cluster represen- 
tation, the measures jU?*^. satisfy the DLR equations, which means that, given 
any A' C A, the restriction of r] to A' under the measure /J^ c n conditioned on 
r] = u> outside of A' has law Ma^wVtt- Consequently, the measures are 
characterized by the law of r\ on a single edge ij given the boundary condition 
7r: 

m^ }iW (»i« = i)=p5 (14) 

where p^ — p d =' 1 — e _/3 if 7r connects i and j, otherwise 



(15) 



P+(l-p) ^sf+Sf) 

where S'| r (resp. S^) is the number of sites of the cluster containing i (resp. j) 
under the connections tt. 

It is easily verified that p™ is an increasing function of (3, h and tt, decreasing 
with q ^ 1. Thanks to the DLR equations, the hypothesis of Holley's Lemma 
(see for instance Theorem 4.8 in [S] or Theorems 2.1 and 2.6 in [TO]) are ver- 
ified and this implies that fJ^ c n stochastically increases with /?, h and 7r, and 
stochastically decreases with q. Using again the DLR equations, we see that 
the measure / stochastically increases as A f Z d , proving the existence of 
the weak limit /iy C at ([3|). Point ii of the theorem follows from the variations 
of fj^ c with 0, h and q which are the same than those of n while point Hi is 
an immediate consequence of ii. 



A. 3 First order transitions 

Theorem [5] is essentially a consequence of the uniqueness of infinite volume 
measures under the condition that the infinite cluster has the same density under 
both infinite volume limits for free and wired boundary conditions (Theorem 0] 
below). We adapt here the classical argument at h = to our setting h ^ 0. 

By the stochastic comparison argument, one can consider as well the infinite 
volume limit /x^ c of (J^^ under the wired boundary condition w, that has all 
edges open. As in [TTJ [T21 [JS] it happens that: 

Lemma 1 Given h ^ 0, q ^ 1, the set of [3 at which /iy C =^ fi^p is at most 
countable. 
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Proof Let 



yl = ^ log 



n(^-ir n »wo) 



(16) 



When TV = f, the quantity ?/J is sub-additive - when one cluster of size S is 
cut into two clusters of size Si, S2 with Si + S2 = S, then w(S) ^ w(Si)w(S2)- 
Hence converges to some y(f3, h) as A — > Z d . The influence of the boundary 
condition 7r on y]J is of order |9A|/|A|: for any configuration r\ the product 
ric7eC' r (r)) W (S(C)) decreases with tt and conversely, 

IJ w(S(C)) < Ml))' aA ' [] ^(C)) (17) 
cec{(77) Cgcx-^) 

because Ct(rj) contains at most |9A| clusters not present in C™(rj), each of them 
having size 5^1. Hence for any sequence 7Ta, any sequence of cubes A — » Z d , 
we have — ► ?/. Now we show that is a convex function of A = log(e^ — 1). 
Indeed, the derivative 




is an increasing function of j3, hence of A, and the convexity holds for both y™ 
and its limit y. Therefore y is derivable at all (3 ^ T>h where T>h (that depends 
on h) is finite or countable. When this occurs, by convexity of the y^ we have 

,. dy{ dy A dyf 

which implies that the probability of opening a given edge is the same under 
both free and wired boundary conditions: ^ G { r ]ij) — m2 ("Hij)- Because of the 
stochastic domination ^ c ^ A*5 j the conclusion /i^ c = /i^, follows. □ 

stoch 

On the other hand we introduce the magnetization 

mw = ^ (l + ( q -l)e-^) ~ \ (18) 

under the infinite volume measure with wired boundary condition, for any 
h > 0, where Sf is the number of sites of the cluster of r/ that contains i. We 
let rrif the same quantity under /ij C . We consider also e/, the mean energy 
as in dTj) and 9f — 9 (see Q) the density of the percolating cluster under the 
measure and call e w and 9 W the corresponding quantities under We 
can write e / and as increasing limits and e w , m w and 9 W as decreasing 
limits of continuous, increasing functions of (3. For instance, 

e w = - lim u& c w (riij) 
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and 



= lim lim uf>(0 A9A) 

&/"£ d k/-E d ^ l ^ WK 



are decreasing limits while the functions (3 \— > (J^^iVij) an d /3 ► A'a'idCO ^ 
are continuous, increasing. Hence: 

Lemma 2 For any ft ^ and q ^ 1, and are left- continuous functions 
of P, while e w ,m w and 9 W are right- continuous. 

As a consequence of Lcmma[TJthe equalities e/ = e Wl mf = m^, and 0/ = 0^ 
hold true for all but countably many (3. In view of Lemma [2 the energy (resp. 
the magnetization) is continuous at some /3 if and only if it has the same value 
under both /«5 and /i^ c . Hence, at a point of discontinuity it is the case that 
A*/ 7^ MuP- But at such points we cannot have Of = W in view of Theorem Q] 
below and Theorem [2] follows. 



Theorem 4 Tfte equality Of = W implies the uniqueness of random cluster 
measures - in other words, /i^ c = fi^~ when Of = 6 W . 



Theorem |4] was proven in [12] in the case of h = (Theorem 5.2 in [12] ; 
see also Theorem 5.16 in jTD] for the complete construction). The proof given 
in [10] applies verbatim in the present setting. 

The reader might be interested as well in a simpler proof of the fact that 
W = implies the uniqueness of random cluster measures (Theorem A. 2 in [14]) 
which shows as well that the Kertesz line remains below the line of discontinuous 
phase transition. 

A. 4 An upper bound on the Kertesz line 

Our upper bound is based directly on the conditional probabilities (|14p and 
(fT5j) . Since 

inf ftfmAVij =1 ) = (tfijhf&ij = 1) =P ' 



<p+{l-p)w{l) 2 /w(2y 

the measure ^ c stochastically dominates independent bond percolation of pa- 
rameter p, and p > p c ensures that percolation occurs, i.e. that > 0. We recall 
the notation [3 P = — ln(l — p c ), which yields 

> <= p> p c 

(1 + (q - \)e- h ) 2 el 3 -I 



1 + (q - l)e~ 2h e&> - 1 

Pp - 1 



(l + (g-l)e-' l ) 2 <i-i (19) 



and the upper bound |8]) follows. 
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A. 5 A lower bound on the Kertesz line 

The former method yields here the only information that hx(P) = +00 for all 
f3 ^ P p . Hence we consider another point of view : we use a joint measure 
analogous to pf s ^ and compare the spins which are not of color 1 to random 
defects, which have a vanishing density in the limit h — > 00. 

As we aim at a lower bound that holds for non- integer q ^ 1, we consider 
a modified (monochrome) version of /i^ s that gives only two colors to spin 
configurations s. The color 1 plays effectively the role of a color in the Potts 
model, and undergoes the external field. The color condensates all q — 1 other 
colors (in the case of integer q) . Let 

Ma(s,T7) = -^(s,t7) (20) 

where 

u(s, V ) = J] + (1 - e-")Vi*.*..,) x x fa " l)* ^, 

(21) 

and Nq(s, rj) is the number of clusters of 7] that have spin s — 0. The marginal 
law of rj equals Pa*^ , while the conditional law of r/ knowing s is the following: rj 
has all edges closed between regions of s of different colors, while its restriction 
to the regions with s — 1 follows a bond percolation process of parameter 
p = 1 — e _/3 , and its restriction to the regions with s = follows the usual 
random cluster measure of parameters p = 1 — e _/3 and q' = q — 1 with free 
boundary conditions. 

We compare now the structure of spins of color to independent site per- 
colation of low density. Let s a spin configuration with Sj = 1, and call s 
the modified configuration with S, = 0. For any 77 such that 77^ = for all j 
adjacent to i, one has 

u(s,r))=u(s,r))(q-l)e- h . (22) 

Therefore, 

= (q — l)e - ' 1 x fXjf (rjij = 0, for all j adjacent to i\s = s) . (23) 
But the latter probability is at least e~ 2l3d and (|^|) implies that 

dcf 1 

sup/i( Si = % - s,-, Vz ^ j) < p =' l + ( q _ Vje -2 P d e -h - ( 24 ) 

Hence we have a lower bound on the density of defects : the process of good 
sites (si = 1) is stochastically dominated by site percolation of parameter p, 
and percolation cannot occur (i.e. 9 — 0) if the mixed percolation process [5] of 
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site density p and edge density p = 1 — e~" does not percolate, that is, if there 
is no infinite cluster after the removal of closed sites and closed bonds. 

The order in which sites and bonds are close does not modify the properties of 
the mixed percolation process. Here we shall consider that the edge percolation 
at density p is done first, giving the diluted graph G made of the open edges and 
their vertices, and that the site percolation of parameter p is realized afterwards. 
It has been known for a long time that bond percolation of parameter p on G 
is more likely to succeed than site percolation (see [TH [TB] for inductive proofs 
and [T7], proof of Lemma 5 for a dynamical coupling). But the process of bond 
percolation with intensity p on the diluted graph G boils down to the classical 
bond percolation on 7L d with parameter p x p and we have shown that 

9 = <= p x p < p c 

& e-l 3 " ^e- <p c (q-l)e- 2 ^ d e- h (25) 

which leads to the lower bound (jTUJ) - 
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